Large scale simulations are performed by means of the transfer-matrix method to reveal optimal conditions for metal-dielectric core-shell particles to induce the largest fluorescence on their surfaces. With commonly used plasmonic cores (Au and Ag) and dielectric shells (SiO 2 , Al 2 O 3 , ZnO), optimal core and shell radii are determined to reach maximum fluorescence enhancement for each wavelength within 550-850 nm (Au core) and 390-500 nm (Ag core) bands, in both air and aqueous hosts. The peak value of the maximum achievable fluorescence enhancement factors of core-shell nanoparticles, taken over entire wavelength interval, increases with the shell refractive index and can reach values up to 9 and 70 for Au and Ag cores, within 600 − 700 nm 1 arXiv:2003.11850v1 [physics.optics]
Introduction
Fluorescence-based spectroscopy and imaging techniques have become a promising solution to meet the demands of various emerging applications such as single molecule detection, 1,2 early diagnosis, 3-5 food and drug safety. 6 The advantage of fluorescence emitters to label the target species at a molecular level makes it an ideal tool for fingerprint tags. 7 Fluorescence spontaneous emission also serves as the foundation of advanced light sources such as micro/nano light emitting diodes (LEDs) for high-resolution displays 8,9 and single photon sources for quantum photonics. 10,11 Independent spatial and temporal radiation characteristics of fluorescence emitters have been employed in a super-resolution imaging. Despite all those attractive features, intrinsic fluorescence emission is very weak, and challenges the development of high performance devices.
Plasmonic nanostructures hold a great potential in enhancing fluorescence emission. [12] [13] [14] [15] [16] On one hand, collective electron oscillations on the surface of plasmonic nanostructure can generate a strong local electric field enhancement to boost the excitation rate of the flu-orescence emitter. 12, 13, [17] [18] [19] On the other hand, the presence of metal nanostructure in the vicinity of the fluorescence emitter affects the local density of optical states (LDOS), thereby tailoring the radiative and nonradiative decay rates. 17, [20] [21] [22] [23] [24] [25] [26] [27] An optimal fluorescence enhancement factor requires a delicate balance of the excitation, radiative and nonradiative decay rates. 12, 13, 28, 29 To date, plasmonic structures have been developed to obtain fluorescence enhancement, also termed metal-enhanced fluorescence, 30 such as metallic layered structures, 31,32 waveguides, 33 ordered structures, 34,35 nanoantennas, 36-39 nanoparticles 12,13,40,41 to name just a few.
Compared to other plasmonic alternatives, core-shell nanoparticles possess unique advantages owing to their mass production capability with low cost chemical synthesis methods. [42] [43] [44] [45] [46] [47] [48] [49] With regard to tuning the localized surface plasmon resonance (LSPR) wavelength, metal shell particles are superior to dielectric shell particles. As it can be qualitatively understood already from the quasi-static analysis, 50 in the metal shell case one can tune the dipole LSPR between Re ε s = −3(ε c + 2ε h )/{2[1 − (r c /r s ) 3 ]} for r s → r c and Re ε s = −2ε h for r c → 0, where r c and r s are core and shell radii, and ε c , ε s and ε h correspond to dielectric permittivities of a core, shell and host medium, respectively. For Ag and Au shells, this translates into the whole visible and near-infrared range simply by a control of the core-shell morphology, i.e. of the ratio r c /r s . 42, 43, 50, 51 In the dielectric shell case, the tunability limits are set between Re ε c = −2ε h for r s → r c and Re ε c = −2ε s for r c → 0, 50 and the resulting tunability is narrower and typically of the order of ∼ 100 nm. For the same reason, initial search of fluorescence enhancement focused more on metal shell particles, whereas the use of metal-dielectric core-shell particles, apart of some preliminary work, 45, 46, [52] [53] [54] [55] [56] [57] [58] [59] [60] has still remained to be underestimated in the current literature.
In what follows, we show that the neglect of dielectric shell particles has been largely undeserved. We searched for experimentally feasible metal-dielectric core-shell configurations with common Au and Ag cores and widely available dielectric shell materials (SiO 2 , Al 2 O 3 , ZnO) whose refractive indices are higher than that of the host medium (air or water), for optimal fluorescence enhancements. The outcome is that, in spite of relatively narrow tunability of the LSPR wavelength of those particles, there is still enough of design flexibility left for optimally designed nanoparticles to enable (i) comparable or even larger fluorescence enhancement as metal shells 61 and (ii) significantly enhanced fluorescence compared to homogeneous metal particles, 45, 46, [58] [59] [60] due to the efficient tailoring of the electric nearfield and fluorescence decay rates by dielectric shell. Furthermore, the dielectric shell of a metal-dielectric core-shell nanoparticle (also called shell-isolated nanoparticle 60 ) provides a convenient way to separate the fluorescence emitter and the metallic component with a predetermined distance, thus avoiding the quenching problem. 12, 45, 52, 57, 62, 63 In our simulations, we have employed a rigorous and computationally fast transfer matrix method, which can be viewed as an extension of the theory for homogeneous particles 20-23 to a multilayered case with an arbitrary number of layers, to obtain the radiative and nonradiative decay rates, 24, 25 the electric field distribution, 64 and, as a result, the fluorescence enhancement factor.
Methods
Core-shell nanoparticle enhanced fluorescence can be described in two steps as shown in Figure 1 , with the fluorescence emitter being modelled as an oscillating dipole. 17,20-24 First, the core-shell nanoparticle locally enhances an electric field under a plane wave excitation, thereby amplifying the excitation rate of the fluorescence emitter in its proximity. Second, after being excited, the emitter itself radiates, and mutual interaction with the nanoparticle modifies the radiative and nonradiative decay rates of an emitter. 13, 18, 22, 39 Note that the fluorescence excitation and emission processes are treated independently (i.e. weak coupling) and the emitter is assumed to be below saturation. 12,13 Figure 1 : A conventional two-step model for nanoparticle enhanced fluorescence: (a) excitation process under plane wave illumination, and (b) emission process with dipole radiation. The origin of coordinates is located at the particle center.
Excitation process: electric field enhancement
Under a plane wave illumination, the electric field in j-th layer of a general multilayered core-shell nanoparticle, from the core (j = 1) up to the host medium (j = N + 1), where the number of layers in our case is N = 2, is expanded into multipole expansion: 24
(1)
Here L = , m is the composite angular momentum index with and m being the usual orbital and magnetic angular momentum numbers, the respective p = E and p = M denote electric (or TM) and magnetic (or TE) polarizations, k j = 2πn j /λ is the wavenumber in j-th shell with refractive index n j , λ is the incident wavelength, A pL (j) and B pL (j) are the expansion coefficients, J pL (k j , r) and H pL (k j , r) are vector multipoles. 24, 64 The expansion coefficients A pL (j) and B pL (j) can be obtained by matching the tangential components of the electromagnetic fields at each interface by implementing the recursive algorithm.
Emission process: radiative and nonradiative decay rates
The interaction between the dipole emission and the core-shell nanoparticle can be analytically solved using the transfer matrix method. 24,65 A dipole emitter is assumed to be located at the radial distance r d , which can be inside the shell or outside the core-shell nanoparticle. [45] [46] [47] 49, [53] [54] [55] [56] 62 For non-magnetic core-shell particle and host, the radiative, γ rad , and nonradiative decay rates, γ nrad , normalized with respect to the radiative decay rate in the free space (assumed to have the host permittivity), γ rad;0 , can be obtained as: 24
where the respective "⊥" and " " indicate the perpendicular (radial) and parallel (tangential) dipole orientation relative to the particle surface, n a is the refractive index of the dissipative component with a non-zero imaginary part (i.e. the plasmonic metal core in our case), n h is the refractive index of the host medium, f p (x d ) and d p (x d ) are linear combinations of Riccati-Bessel functions, x d = k d r d , and k d = 2πn d /λ, where the subscript d corresponds to location of a dipole emitter. The symbols I p represent volume integrals taken over any absorbing region, i.e. in our case over the entire metal core. Finally, the prime denotes the differentiation with respect to the argument in parentheses.
Fluorescence enhancement
For light intensities below dye saturation, the fluorescence enhancement factor can be expressed as the product of the excitation rate and the quantum yield, which is essentially related to the electric field distribution and dipole decay rates of the core-shell nanoparticle:
Here the subscript "0" indicates the respective quantity in the free space. The excitation rate can be expressed as γ exc ∝ |E · d| 2 , where E is the local electric field at the emitters position which can be obtained from eq 1, and d represents the dipole moment of the emitter. In our simulations we shall use both orientationally averaged electric field intensity and orientationally averaged decay rates. The orientationally averaged electric field intensity is to be understood as the field intensity averaged over a spherical surface of a given fixed radius r, 64 whereas an orientationally averaged decay rate is determined at a fixed dipole position by averaging over all possible dipole orientations. The surface integrals of intensities can be performed analytically, 64 whereas orientation-averaged decay rates can be determined directly from eq 2 as γ nrad;rad = (γ ⊥ nrad;rad +2γ nrad;rad )/3. Fluorescence enhancement at a given radial position will be determined by substituting into eq 3 an average quantum yield
with the intrinsic quantum yield q 0 assumed, for simplicity, to be unity. The quantum yield accounts for the competition between the radiative and nonradiative decay rates. Note that q = q ⊥ + 2q /3.
The above makes it clear that, although the core-shell far-field (i.e. scattering) properties can be, at least qualitatively, understood by the quasi-static analysis, 50,66 the influence of near-fields on fluorescence is much more involved. Below, a systematic investigation is conducted taking into account these near-field effects to find optimal conditions for fluorescence enhancement.
3 Optimized core-shell configurations for fluorescence enhancement The speed and robustness of our method allows us to perform an optimization study scanning over up to ≈ 10 5 different core-shell configurations for each wavelength and for each shell material. The schematic of the structure is shown in Figure 1 displaying the core-shell nanoparticle with a metal core (with radius r c and refractive index n c ) surrounded by a dielectric shell (with thickness t s and refractive index n s ). The nanoparticle is embedded in a homogeneous medium with a refractive index n h , which is set to be air (n h = 1) or water In general, larger fluorescence enhancement factor can be achieved with utilizing shells having higher refractive index. Interestingly, the maximum fluorescence enhancement of Au and Ag core-shell particles covers a large portion of the visible spectrum. For Au cores, the maximum fluorescence enhancement can be achieved between 620-700 nm irrespective of the Figure 2: Optimal parameters (r c ,t s ) of Au@dielectric core-shell nanoparticles having maximum achievable fluorescence enhancement at a given excitation wavelength λ exc for a dipole emitter located at 0.75 nm distance (given that a dye size is typically 1−2 nm) from a surface of a shell for nanoparticles with different materials of a shell, from top to bottom: bare Au nanoparticle, SiO 2 shell, Al 2 O 3 shell, and ZnO shell. Nanoparticles are embedded in air or water host medium, and dyes are assumed to have zero or 25 nm Stokes shift (λ em − λ exc , where λ em is the emission wavelength). For the bare Au nanoparticle, the actual distance between the dye and a metal surface is (t s +0.75) nm, which allows for a relevant comparison with core-shells. Both orientationally averaged electric field intensity 64 and average dipole orientation are used at each wavelength.
host (air or water), with the fluorescence enhancement overcoming that around homogeneous metal particle within the first near-infrared biological window (NIR-I) between 700-900 nm by a factor of ≈ 2, when the shell refractive index n s 2.
Silver has been known for long time as the best surface-enhanced Raman spectroscopy (SERS) 69 and plasmonic material. 70, 71 An evidence of this is seen also here in almost an order of magnitude higher maximum fluorescence enhancement (≈ 70) for Ag cores (Figure 3 ) than in the case of Au cores (≈ 9) ( Figure 2 ), which is a consequence of weaker silver losses. This enables stronger enhancement of the near-field electric field intensities and the resulting excitation rate. Once a proper fluorescence enhancement peak builds up, the ratio of peak An essential prerequisite for our simulations was recently reported efficient determination of orientationally averaged electric field intensities, 64, 73 which supplemented earlier efficient calculation of decay rates. 24 In essence, surface integrals of electric field intensity can be performed analytically 64 and the calculation of average intensity costs the same computational time as determining intensity at a given point. Below we discuss a number of different aspects related to our optimization results.
A critical role of the shell
The lesson to be learned from our simulations shown in Figures 2, 3 is obviously that the maximal fluorescence enhancement increases with the shell refractive index. This suggests even higher fluorescence enhancements by using shell materials such as Ta 2 O 5 (n s ≈ 2.16),
To get more insights about the position of, and the mechanism behind, the maximal fluorescence enhancement, we plot in Figure 4e ) is due to increasing quantum yield ( Figure 4d ). Note in passing that it has been noted for homogeneous Ag particles that the highest fluorescence enhancement is obtained for an emission wavelength red-shifted from the LSPR, 13 yet no explanation has been given.
Of the same magnitude as the red-shift is the blue shift of the maximum of nonradiative decay rate ( Figure 4c ) relative to the LSPR (Figure 4a ). The LSPR position coincides with the maximum of field intensity at the Au core surface ( Figure 4b ) and the maximum of Q ext ( Figure 4a ). The position of the maximum nonradiative decay rate γ nrad , which essentially coincides with Q abs , is blue-shifted to the LSPR. The difference in the shape of the peaks of γ nrad and Q abs is attributed to a fact that the former describes power loss of a dipole emitter at the shell surface, whereas the latter is the measure of absorption of incident plane arriving from the spatial infinity. The above red and blue shifts relative to the LSPR of corresponding optimized core-shell particle provide important design rules for selected application. Note is passing that there is a number of applications where not only fluorescence enhancement but also an efficient fluorescence quenching is highly desirable. 78 In a Drude-like region above bulk plasma wavelength (λ p ≈ 328 nm for Ag and λ p ≈ 226 nm for Au), the loss tangent (i.e. the ratio |Im ε/Re ε|) of a noble metal dielectric function decreases with increasing wavelength. Therefore, the use of shells with larger refractive indices, which increases the red shift of their LSPR, and consequently of their NF maximum, creates increasingly favourable conditions for fluorescence enhancement by reducing (increasing) the overall contribution of nonradiative (radiative) decay rates. At the same time, the boundary condition at the shell-host interface for the radial components of electric field, ε s E ⊥ s = ε h E ⊥ h , implies that E ⊥ experiences a jump by the factor of ε s /ε h at the host, with E being continuous across the shell-host interface. Obviously, the jump in field intensity values at the shell surface becomes more pronounced with larger n s , enabling to achieve quite large electric field enhancement at the shell-host interface even for relatively Figure 4 : An explanation of the red shift of the maximum fluorescence of Au@SiO 2 coreshell particle with r c = 70 nm and t s = 19.7 nm tuned to exhibit optimal fluorescence enhancement at λ = 642 nm (vertical dash-dot line) in air host relative to its LSPR at λ = 583 nm (vertical dashed line): (a) extinction, scattering and absorption efficiencies; (b) orientationally averaged electric field intensity at the center of the Au core (0), at the metal side surface of Au core at r c , and at the dye location at 0.75 nm distance from the shell surface (dye), each curve is normalized to show the red-shift of the peak moving from the core center to the dye location; (c),(e) nonradiative and radiative decay rates for radial (⊥) and tangential ( ) orientation of the dipole emitter, and orientationally averaged (avg); (d) quantum yield, eq 4, calculated for the respective orientations of the dipole emitter (radial, tangential, and orientationally averaged); (f) fluorescence enhancement, eq 3. Except for quantum yield, all other curves exhibit an asymmetric Fano-like shape. Note that the procedure used in Figures 2 and 3 for the search of optimal (r c;opt , t s;opt ) configurations implies the fluorescence enhancement to be the largest possible at a given wavelength λ exc;opt . This, however, does not restrict the same core-shell to exhibit even larger fluorescence enhancement at another wavelength λ exc = λ exc;opt , which is clearly observed in Figure 5e . Nonetheless, the maxima in Figure 5f , which perfectly correspond to t s;opt , confirm that (r c;opt , t s;opt ) configurations indeed provide optimal η em /η em;0 at λ exc;opt (cf. Figure S2 , see Supporting Information). 
Comparison with an experiment
Our optimization results of Sec. 3 provide general guidelines for achieving the highest possible fluorescence enhancements. Before comparing them against an experiment, the following has to be taken into account. First, our simulations assuming either zero Stokes shift, or a model Stokes shift of 25 nm have to be adjusted to the Stokes shift of the fluorophore used.
The Stokes shift is strongly dependent on a fluorophore used and can be much larger than the 25 nm. 72 Second, optimally fabricated Au and Ag cores may exhibit lower losses 68 than those following from the data of Palik et al 67 used in our simulations, thereby facilitating even higher fluorescence enhancements. Third, optimization results of Sec. 3 assumed orientationally averaged electric field intensity and average dipole orientation. On judiciously placing fluorophore at hot spots of electric field intensity with the fluorophore dipole moment properly oriented such a local fluorescence enhancement can be up to ≈ 2.5 times stronger ( Figure S9 , see Supporting Information). Last but not the least, simulations of Sec. 3 presumed intrinsic quantum yield q 0 = 1. In this regard, any q 0 < 1 will increase the denominator of eq 4 by (1 − q 0 )/q 0 . However, for moderate 0.1 ≤ q 0 < 1 and for the metal-dye separations studied, this contribution is typically negligible compared to other two terms in the denominator (e.g. γ nrad /γ rad;0 ). Hence 0.1 ≤ q 0 < 1 will hardly change the resulting quantum yield q of eq 4. However, such a moderate 0.1 ≤ q 0 < 1 will, according to eq 3, significantly increase the resulting fluorescence enhancement shown in Figures 2, 3 by a factor of 1/q 0 . For instance, in the case of low q 0 = 0.36 carboxyfluorescein (FAM) and
Au@SiO 2 core-shell nanoparticles with r c = 29.5 nm of Ref. 45 [ Table 1 ; Figure 2B ] this amounts to the factor of 1/q 0 ≈ 2.8. On the other hand, for cascade yellow (CYe) having an intrinsic quantum efficiency of about q 0 = 0.56 and Ag@SiO 2 core-shell nanoparticles of Ref. Table 1 ; Figure 3 ] this amounts to the factor of 1/q 0 ≈ 1.78. Therefore, when comparing with experiment, a low-q 0 dye (q 0 ≈ 0.1) placed at a hot-spot of the core-shell particle can easily generate a multiplication factor of ≈ 25 by which the results shown in Figures 2, 3 are to be multiplied. Not surprisingly, initial experiments observed significant fluorescence enhancements especially with low-q 0 dyes. 45, 46 
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Comparison with metal shells
The highest reported fluorescence enhancements for dielectric (n = 3.5) core and Ag shell of comparable sizes tuned to the Fano resonance 61 were in the case of radially oriented dipole located at the hot spot reaching nearly the value of 50, whereas the enhancements for tangentially oriented dipole hardly exceeded the value of 2.5. This results in the dipole orientation averaged fluorescence enhancement of ≈ 18. Our results for dielectric shells presented in Figure 3 show almost four-times larger averaged fluorescence enhancement with much lower shell refractive index (n = 2) and without the need of keeping the dipole emitter at a hot spot. Here one notable difference between the homogeneous sphere and metaldielectric core-shell on one hand, and a dielectric-metal core-shell on the other hand, is that in the former case the areas of highest field enhancement are located near the particle poles on the rotation axis parallel to the incident polarization direction, whereas in metallic shells the areas of highest field enhancement are located near the particle poles on the rotation axis perpendicular to the incident polarization. 79
Quasi-static approximation
The Gersten and Nitzan (GN) quasi-static approximation for determining decay rates, 80 which makes use of particle multipolar polarizabilities, α , has been known to provide a very good approximation of radiative and nonradiative decay rates in the case of small homogeneous particles. 81 A dipolar polarizability with the account of dynamic depolarization and radiative correction 82 (see Sec. 3 in Supporting Information for details) enables rather precise description of the scattering properties of core-shell particles. Nevertheless, the GN approximation 80 largely fails to describe the nonradiative decays rates for the core-shell configurations studied here, as shown in Figure 6d . Although the modified long wavelength approximation (MLWA) and its variants 66, 82 capture well the far-field properties (e.g. scattering), they do not perform so well in capturing the near-field properties (e.g. fluorescence).
An indirect indication of this is that the radiative decay rates, requiring only dipole polarizability in the GN approximation, were approximated much better than the nonradiative decay rates, which require all multipole polarizabilities. Figure 6 : Radiative (left) and nonradiative (right) decay rates at a distance r from a center of nanoparticle, calculated via transfer-matrix method (T) and the Gersten and Nitzan (GN) quasi-static approximation for bare Au nanoparticle (top) and for Au@SiO 2 core-shell for radial (⊥) and tangential (||) orientation of the dipole emitter. The parameters are given in Figure 5 caption.
Conclusion
Large scale simulations were performed by means of the transfer-matrix method to reveal optimal conditions for metal-dielectric core-shell particles to induce an optimal fluorescence of a fluorophore on their surface. In the simulations, limited to Au and Ag cores and common dielectric shell materials (SiO 2 , Al 2 O 3 , ZnO), we have (i) determined the optimal size of metal core and shell thickness for reaching a maximum fluorescence enhancement for each emission wavelength, and then (ii) determined overall maximum fluorescence enhancements taken over entire wavelength interval. The peak value of maximum achievable fluorescence enhancement factors of core-shell nanoparticles can reach up to 9 or 70 for Au and Ag cores within 600 − 700 nm and 400 − 450 nm wavelength ranges, respectively, which is much larger than that for corresponding homogeneous metal nanoparticles. Replacing air by an aqueous host has a dramatic effect of nearly halving the sizes of optimal core-shell configurations at the maximum of achievable fluorescence. In the case of Au cores, the fluorescence enhancements for wavelengths within the first near-infrared biological window (NIR-I) between 700 and refractive index n s 2. Given that the maximum achievable fluorescence enhancement factor increases with the shell refractive index, even higher fluorescence enhancements could be possible by using shell materials such as Ta 
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Benchmarking with the finite-element method; additional data for extinction spectra, electric field enhancement, radiative and nonradiative decay rates, quantum yields and fluorescence enhancement for core-shell nanoparticles; quasi-static equations. doubt on the validity of our method we have found it expedient to compare it against the finite element method (FEM) using COMSOL Multiphysics, for the case of Au@SiO 2 coreshell. In FEM simulations, the background field was set to be the plane wave during the excitation process and zero during the dipole emission process. The perfect matching layer (PML) surrounding the computational domain was used to absorb any unphysical reflections.
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The near field distribution can be probed anywhere in the computational domain, and the normalized fluorescence decay rates can be obtained straightforwardly using the scattering and absorption power quantities. ? ? ? The benchmark results are illustrated in Figure S1 . It is clear that our code agrees with the FEM simulations. However our transfer matrix code, which was specifically designed for core-shell particles, is several orders of magnitude faster.
S2
1.2 Finding optimal core-shell configurations Figure S2 shows the example of η em /η em;0 calculation in (r c , t s ) parameter space for Au@SiO 2 core-shells at λ exc = λ em = 642 nm embedded in air (cf. Figures 4 and 5) . A clear existence of an optimal core-shell configuration for gaining maximum fluorescence enhancement is observed. Noteworthy, the moderate deviations of r c and t s from optimally chosen values may yield in only slight decrease of the fluorescence enhancement factor. 2 Additional data for fluorescence enhancement
Electric field enhancement at shell-medium interface
To elaborate the optimized results in Figures 2 and 3 , below we discuss the effect of dielectric shell in manipulating various fluorescence parameters. For illustration purpose, Au@dielectric structure is considered, while the same conclusion can be extended to the Ag core cases. The emitter is assumed to be located at the hot spot of the shell surface for both perpendicular and parallel emitter dipole orientations. Under the plane wave excitation, it is well known that the presence of the dielectric shell red-shifts the LSPR ? as shown
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in Figure S3a , where the shell thickness t s varies from 0 nm to 30 nm, and the shell refractive index n s = 1.45 (SiO 2 ). The corresponding resonant peak position changes from 530 nm (homogeneous Au sphere) to 630 nm (t s = 30 nm). The evolution of electric field distributions of the core-shell nanoparticle at different wavelengths (λ = 530, 570, . . . , 690 nm) are illustrated in Figure S3b -S3f, respectively. The electric field intensity increases at the core/shell interface with subsequent decrease inside the dielectric shell with increasing distance to the core.
At the LSPR of a homogeneous Au sphere at λ = 530 nm, the electric field intensity of the core-shell particles are generally below that of a homogeneous Au sphere, regardless of the shell thickness t s , because the LSPR of core-shell particles is red shifted. With increasing distance from the shell, electric field intensity gradually decreases to the incident field intensity value. As λ increases, the electric field intensity at the shell-medium interface can achieve higher values than that at the same distance from Au surface of a homogeneous particle. In addition, the increment of the electric field at the shell-medium interface is more prominent for a larger t s at a larger λ, since the electric field strength and the resonant wavelength are inter-correlated. Figure S4a shows the corresponding electric field intensity at the shell-medium interface as a function of the shell thicknesses. It is found that the dielectric shell can slow the decrease of electric field at the shell-medium interface, in particular for a large wavelength.
For illustration, Figure S4d compares the profiles of the electric fields at the shell-medium interface with those of Au sphere in the homogeneous medium at λ = 690 nm. It is obvious that the electric fields at the shell-medium interface decrease slower than that of the Au sphere in the homogeneous medium. The electric field at t s = 30 nm drops only by 16.8%
compared to that at t s = 0 nm, whereas the electric field around Au sphere drops by 48.5%
in the homogeneous medium at the 30 nm distance.
In Figure S4a , the highest electric field always occurs at t s = 0 nm regardless of the wavelength. Such constraint can easily be broken by utilizing the dielectric shell with higher A high shell refractive index could boost the electric field at the shell-medium interface more effectively, leading to a larger electric field than that at t s = 0 nm, which in turn could further slow its decrease. Figures S4e-f confirm this point by comparing the profiles of the electric fields at the shell-medium interface with that of Au sphere in a homogeneous medium at λ = 690 nm. The electric field decreases even more slower than that with n s = 1.45 (see Figure S4e ), i.e. the electric field at t s = 30 nm drops by merely 1.4% compared to that at t s = 0 nm for n s = 1.76, and it even increases by 3.1% for n s = 2.00. Figure S4 : (a)-(c) Electric field intensity at the shell-medium interface as a function of shell thicknesses for shell refractive indices n s = 1.45, 1.76 and 2.00, respectively. (d)-(f) Comparison between electric field at shell-medium interface and that of Au sphere in homogeneous medium at wavelength λ = 690 nm. Au core radius is r c = 70 nm in all cases. Dielectric shell with higher refractive index could boost electric field at shell-medium interface more effectively, and slow its decay even further.
The electric field at the shell-medium interface could be maintained at a high value even with a relatively thick dielectric shell. If the emitter is attached at the core-shell surface, it will experience a much higher fluorescence excitation rate than around a Au sphere at an equivalent distance. Combined with a decelerated decrease of electric field, a better balance between the fluorescence excitation rate and quantum yield can be achieved.
Radiative and non-radiative decay rates at shell-medium interface
The presence of the dielectric shell could not only manipulate the excited electric field distribution, but also has a remarkable influence on the dipole decay rates as governed by eq 2. Figures S5a-S5e and S5g-S5k show the radiative and non-radiative decay rates of a perpendicular-oriented emitter. The results confirm that the core-shell structure could significantly manipulate both the radiative and non-radiative decay rates at the shell-medium S6 interface, leading to the decelerated decrease as shown in Figure S5f and S5l, respectively.
Again, the dipole decay rates at the shell-medium interface decrease slower at a larger wavelength, where the thicker dielectric shell has stronger influence.
Likewise, the decelerated decrease of the dipole decay rates at the shell-medium interface can be further manipulated by varying the refractive index of the dielectric shell. Figures S6ac and S6g-i show dipole decay rates at the shell-medium interface for a radially oriented dipole emitter in the case of the shell refractive indices n s = 1.45, 1.76 and 2.00, respectively. The comparison of these quantities to those of the Au sphere in the homogeneous medium for λ = 690 nm are illustrated in Figure S6d -S6f and S6j-S6l, respectively. The results show that the dielectric shell with higher refractive index could further slow the decrease of both radiative and non-radiative decay components at the shell-medium interface. In particular, the highest radiative decay rates at the shell-medium interface with a shell thickness t s = 20 nm and a shell refractive index n s = 1.76 and 2.00 could easily exceed those for Au sphere. Note that both radiative and non-radiative decay rates could be enhanced at the shell-medium interface compared to those of the homogeneous Au sphere, because both the absorption and scattering efficiency of core-shell nanoparticle are larger than those of the homogeneous Au sphere. ? Figure S7 shows dipole decay rates at the shell-medium interface for a parallel oriented dipole emitter. Figures S7a-S7c and S7g-S7i show the radiative and nonradiative decay rates at the shell-medium interface for various shell refractive indices, and the comparisons between the core-shell structure and the Au sphere counterpart are illustrated in Figures S6d-S6f and S6j-S6l, respectively. Both radiative and nonradiative decay rates at the shell-medium interface are generally larger compared to those of the Au sphere. Note that the absolute magnitudes of the dipole decay rates for the parallel-oriented emitter is much smaller than those for the radially oriented emitter, which is consistent with the results in Figure 4 and with literature. ? ? ? Figure S5 : (a)-(e) Radiative and (g)-(k) non-radiative decay rates of radially oriented dipole emitter as a function of the distance from nanoparticle surface for various wavelengths. (f) Radiative and (l) non-radiative decay rates at the shell-medium interface, respectively. Au core radius is r c = 70 nm in all cases. Core-shell structure could manipulate both radiative and non-radiative decay rates, leading to decelerated decrease at shell-medium interface. Figure S6 : (a)-(c) Radiative and (g)-(i) non-radiative decay rates of perpendicular-oriented emitter at the shell-medium interface for shell refractive indices n s = 1.45, 1.76 and 2.00. Comparison of (d)-(f) radiative and (j)-(l) non-radiative decay rates at the shell-medium interface with those of Au sphere in homogeneous medium for λ = 690 nm. Au core radius is r c = 70 nm in all cases. Dielectric shell with higher refractive index could improve both radiative and non-radiative decay rates at the shell-medium interface more effectively, and to slow their decrease even further. Figure S7 : (a)-(c) Radiative and (g)-(i) nonradiative decay rates of parallel-oriented dipole emitter at the shell-medium interface for shell refractive indices n s = 1.45, 1.76 and 2.00. Comparison of (d)-(f) radiative and (j)-(l) nonradiative decay rates at the shell-medium interface with those of Au sphere for λ = 690 nm. Au core radius is r c = 70 nm in all cases. Influence of dielectric shell on parallel-oriented dipole emitter is similar to that of radially oriented emitter. Au core radius is r c = 70 nm in all cases. Core-shell particles exhibit similar quantum yields at the shell-medium interface compared to those around Au sphere at equivalent distances.
Quantum yield
Figures S8a-S8c show the quantum yields for the perpendicular-oriented emitter at the shell-medium interface at various wavelengths. The quantum yields are generally larger at S11 larger wavelength, because the radiative components are maintained at a comparable level regardless of the wavelength while the nonradiative decay rates are dramatically reduced at larger wavelength. In addition, the quantum yield increases as the shell thickness increases, because the radiative decay rates are relatively the same even for sufficiently thick shells,
whereas the nonradiative decay rates decrease as the shell thickness increases. Figures S8d-S8f compare the quantum yields at the shell-medium interface with those around Au sphere in the homogeneous medium at λ = 690 nm. The quantum yields at the shell-medium interface are slightly smaller than that of the bare Au particle at the equivalent distance, because both the radiative and nonradiative decay components are enhanced at the shellmedium interface. Note that the quenching effect might still exist for a thin shell (i.e. t s < 5 nm), which should be avoided in the practical experiments. ? ? ? The conclusion also holds valid for the parallel-oriented emitter, which are shown in Figures S8g-S8l . The profile of the quantum yield for the parallel-oriented emitter is different with that of the perpendicular-oriented emitter, which is attribute to the difference in the profile of radiative decay rates as shown in Figure S7 . Note in passing that the comparison between core-shell particle and bare Au in Figure S8 is at the same wavelength, and the quantum yield of the core-shell particle is slightly smaller than that of bare Au. Whereas the comparison in Figure 5 in the main text is at the corresponding optimal conditions of the two configurations,
where the optimal wavelength of the core-shell particle is larger than that of bare Au, and the resultant quantum yield of the core-shell structure is larger than that of bare Au.
Fluorescence enhancement
The ultimate fluorescence enhancement factor is obtained via multiplying the excitation rate and quantum yield. Figures S9a-S9c illustrate the fluorescence enhancement factors for the perpendicular-oriented emitter at the shell-medium interface at various wavelengths and shell refractive indices. In general, larger fluorescence enhancement factor is achieved at larger wavelength, due to the red-shift of the LSPR. S12 Figure S9 : Fluorescence enhancement factors of (a)-(c) perpendicular-oriented and (g)-(i) parallel-oriented emitters at the shell-medium interface for shell refractive indices n s = 1.45, 1.76 and 2.00. Comparison of fluorescence enhancement factors at the shell-medium interface with those around Au sphere in homogeneous medium for (d)-(f) perpendicular-oriented and j-(l) parallel-oriented emitters at λ = 690 nm. Au core radius is r c = 70 nm in all cases. Core-shell nanoparticle could generate much larger enhancement factor at the shell-medium interface than those of bare Au particle at the comparable metal-dye distance.
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Even larger fluorescence enhancement factor could be achieved by using a higher refractive index shell, which are attributed to its stronger capability in manipulating the decrease of excited electric fields and dipole decay rates. Figures S9d-S9f compares the fluorescence enhancement factors at the shell-medium interface with those around Au sphere in the homogeneous medium at λ = 690 nm. The core-shell nanoparticle could generate a much larger fluorescence enhancement factor at the shell-medium interface than that of the bare Au nanoparticle. On top of that, the maximum enhancement factors of the core-shell configurations appear at much longer distances than that of the bare Au particle, due to the decelerated decrease of electric field and dipole decay rates at the shell-medium interface.
Similar results can also be obtained for the parallel-oriented emitter as shown in Figure S9g 3 Quasi-static formulas
The Gersten and Nitzan (GN) quasi-static approximation for determining decay rates, ? which makes use of particle multipolar polarizabilities, α , has been known to provide a very good approximation of radiative and nonradiative decay rates in the case of small homogeneous particles. ? A dipolar polarizability of a core-shell particle with the account of dynamic depolarization and radiative correction ? can be expressed as (cf. Eq.(23) in Ref.
? ),
where q j := 1 3 − 1 3
x 2 j − i 2 9
x 3 j , S14
x j = kr j , and the respective r 1 and r 2 are the radii of the inner and outer surfaces. In the case of an improved modified long wavelength approximation (IMLWA),
where β is a dimensionless fitting parameter to account for a spatially inhomogeneous polarization, ?
P → (1 + βk 2 r 2 sin 2 θ)P,
the choice of β = 1 in eq 2 enabled rather precise description of the scattering properties of core-shell particles. ?
To accurately describe multipole polarizabilities, we have employed an effective sphere dielectric constant,ε:ε
where α 1 is determined by eq 1. Substitution ofε into GN approximation ? didn't result in any significant improvement, as shown in Figure 6 .
